We calculate the density shift and broadening of selected dipole transition lines of pionic helium in gaseous helium at low temperatures up to T = 12 K and pressure up to a few bar. In the approximation of binary collisions the shift and broadening depend linearly on the density; we evaluate the slope of this linear dependence for a few spectral lines of known experimental interest, and also investigate its temperature dependence. We find a blue shift of the resonance frequencies of the 
I. INTRODUCTION
Pionic helium is a three-body system composed of a helium nucleus, an electron in a ground state and a π − in a highly excited Rydberg state with principal quantum number n ∼ (m * /m e ) 1/2 , where m * is the reduced mass of π − and the helium nucleus. These states promptly de-excite via Auger transitions to lower lying states which have large overlap with the helium nucleus and subsequently undergo fast nuclear absorption for times less than 10 −12 s. However long-lived π − were observed in bubble-chamber experiments [1] . To explain this anomaly, Condo suggested that metastable atomic states of π − are formed
in which π − occupies states with high angular momentum l ∼ n − 1. These Rydberg states are expected to retain nanosecond-scale lifetimes against nuclear absorption and the electroweak decay π − → µ − +ν µ . This is because for nearly circular orbits of π − , the overlap with the helium nucleus is minimized, whereas radiative de-excitation and the decay via Auger transitions which lead to fast nuclear absorption are strongly supressed. This hypothesis has been confirmed at TRIUMF in experiments with π − stopped in liquid helium [2] .
A method for laser spectroscopy of metastable pionic helium atoms in gaseous helium has been proposed [3, 4] . When comparing experimental transition frequencies to threebody QED calculations of pionic helium, the π − mass can be determined with a fractional precision better than 10 −6 . However systematic effects such as collision-induced shift and broadening (S&B) of the transition lines, as well as the quenching of the metastable states can prevent the experiment from achieving this high precision. Thus reliable theoretical calculation for the density-dependent shift and width is needed for the extrapolation of transition wavelengths at zero target density.
II. COLLISIONAL SHIFT AND BROADENING OF THE TRANSITION LINES
A. Prerequisites: the potential energy surface
The collisional shift and broadening of the laser stimulated transition line (n, l)
in pionic helium are obtained in the impact approximation of the binary collision theory of the spectral line shape [5] [6] [7] . This approach has already been applied in the calculations of the density effects on the line shape in antiprotonic helium [8] [9] [10] and produced theoretical results in agreement with experiment [11] ; see also [12] and references therein. The success of these calculations was due to the use of a highly accurate three-electron potential energy surface (PES) for the description of the binary interaction of an exotic helium atom with the atoms of the helium gas. The PES had been evaluated with ab initio quantum chemistry methods [13] for nearly 400 configurations of the three heavy constituents of the interacting atoms (two helium nuclei and an antiproton or pion), selected to match the typical interpaticle distances in the experimentally interesting metastable states of exotic helium [14] . The configurations were parameterized with the length r of the vector joining the heavy particles in the antiprotonic/pionic atom, the length R of the vector joining its center-of-mass with the nucleus of the ordinary helium atom, and the angle θ between them. Subsequently, the numerical values of the PES at these ∼400 grid points were fitted with smooth functions V (r, R, θ). Two such fits, referred to as d47 and hn1, have been widely used in calculations;
they have been shown to produce numerical results for the S&B in antiprotonic helium that differ by less than the overall numerical uncertainty. Earlier attempts to use the same PES in the evaluation of the S&B of the spectral lines in pionic helium failed [14] because the typical distances r between the pion and the helium nucleus in the pionic helium metastable states are outside the range for which the PES has been calculated, and the two fits d47 and hn1 produce wrong values when used for extrapolation of the PES. In the present work we carefully analyzed the behavior of these fits and established that the problem can be resolved by appropriately truncating the integration over r in the expression for the effective state-dependent interatomic potentials in terms of V (r, R, θ) and the pionic helium atom wave function χ nl (r)
while keeping under control at each step the induced numerical uncertainties; the optimal values of the truncating parameters were found to be r 1 = 0.2 a.u., r 2 = 1.3 a.u. The S&B of the four transition lines in pionic helium of experimental interest [3, 15] were then evaluated by two alternative methods. Similar to the calculation of the S&B in antiprotonic helium [9] , the obtained results differ by up to 30% and should be regarded as boundaries of the intervals of uncertainty of the theoretical values of the density shift and broadening slopes in pionic helium.
B. Impact approximation
In this approximation, the slope of the density and temperature-dependent collisional broadening Γ f i (T ) and shift ω f i (T ) are given by [6] 
and
respectively, where N denotes the number density of the target gas, the labels i and f stand for the set of quantum numbers of the initial and final pionic atom states n, l and n ′ l ′ , and · T denotes thermal average over the Maxwell distribution. Both α and β and expressed in terms of the relative phase shifts
The partial wave phases δ L (k) = δ L (k, R → ∞) are obtained from the asymptotic solution of the variable phase equation [16] 
subject to the boundary condition δ nlL (k, 0) = 0, where k = √ 2ME is the wave-number of relative motion for a given total collision energy E, M is the reduced mass of the collision system, {j L (z), n L (z)} are the Riccati-Bessel functions, and V nl (R) is defined in (2). • , β ≈ −7 10
GHz cm 3 and α ≥ 1 10
The thermally averaged shift and width of the spectral lines for the selected transitions in pionic helium, obtained with the fits hn1 and d47 are given in columns 4 and 5 of Table I is only weakly affected by collisions since it is broadened by 0.1 GHz, which makes it suitable for spectroscopic measurements in pionic helium.
To further analyze the effect of the interaction energy V (r, R, θ) in the He 
where J and J ′ are the total angular momenta before and after the absorption of a photon.
We obtain the S-matrix elements S J (k) from the asymptotic of the solutions of the coupled equations for the partial waves
subject to the boundary condition S J (k, 0) = I, where I is the unit matrix, h (1) (z) and h (2) (z) are diagonal matrices of the Riccati-Hankel functions. We approximate the matrix representation of the interaction energy V (θ) = λ V λ P λ (cos θ) by truncating its Fourier expansion over Legendre polynomials at λ = 2, i.e.
nl (R) (2l + 1)(2L + 1)(−1)
where C cγ aα,bβ are the Clebsch-Gordan coefficients, △(abc) imposes the triangle condition and
In the ε J → 0 limit, the S-matrix is diagonal and the usual decoupled result is recovered.
In Fig. 3 we plot the mixing angle ε J as a function of the separation R between the colliding atoms at thermal energy with T = 6 K.
The principal effect of the weak quadrupole coupling is to facilitate scattering of d-waves 
D. Anderson's semiclassical method
The slopes of the shift and broadening of the spectral line of the transition can alternatively be represented in the form [8] 
where R(t) is the trajectory of the classical relative motion of the pionic and ordinary helium atoms (i.e. the vector joining the positions of the atoms at time t), while b and however, it fails to give reasonable estimates of the density effects at low temperature. The substantial modification that makes Eq. (12) applicable in this case is to use instead the curvilinear trajectories determined by the binary interaction potential in the initial state for the transition of interest, V nl (R), as suggested in [8, 9] . The numerical results for the density shift and broadening slopes for the transition lines in pionic helium of experimental interest, obtained with the fits hn1 and d47, are given in columns 6 and 7 of Table I , respectively.
In agreement with the observations in subsection II B, the detailed look at the multiple integral in Eq. (12) reveals that the dominant contribution to Φ (through the integrals of the difference V n ′ l ′ (R(t)) − V nl (R(t)) along the various classical trajectories) comes from the range 4 ≤ R ≤ 10 a.u. For the favored transition up to 95% of the value of Φ is accumulated in the range 4 ≤ R ≤ 6 a.u., while for the unfavored transition the contributions from the domains 4 ≤ R ≤ 6 and 6 ≤ R ≤ 10 are balanced. This emphasizes once more the importance of using a realistic and accurate PES in the evaluation of the density effects;
estimates based on the asymptotic shape of the interaction potentials, valid for R > 10 a.u., cannot be reliable.
III. NUMERICAL RESULTS AND DISCUSSION
The cumulative Table I presents the numerical results on the slopes of the density shift and broadening, β f i (T ) and α f i (T ), of four transition lines in pionic helium of declared experimental interest, obtained with the theoretical methods outlined in the preceding section and using two different fits of the PES. We see that in some cases the numerical values differ quite significantly and require further comments.
1. The two different fits hn1 and d47 produce values that differ by up to 20%. As pointed out, this is related to the extrapolation of the fits outside the range of configurations relevant in antiprotonic helium for which the PES was initially evaluated. As long as both fits give close results for antiprotonic helium, we have no reasons to consider any of them as preferable; instead, the difference between the two values should be regarded as numerical uncertainty of the results that could only be eliminated with a new calculation of the PES for a wider range of configurations. we expect that knowing the density shift to ∼ 20% fractional accuracy will greatly enhance the efficiency of the precision laser spectroscopy study of pionic helium. 
